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1 1A: Vectors and Matrices - Vectors, determinants and planes

Vectors are basic to this course. We will learn to manipulate them algebraically and geometrically. They will help
us simplify the statements of problems and theorems and to find solutions and proofs.

Determinants measure volumes and areas. They will also be important in part B when we use matrices to solve
systems of equations.

Last Modification: 2020-09-16 Wed 14:01
Captured On [z020-01-18 Sat]

Source Part A: Vectors, Determinants and Planes | 1. Vectors and Matrices | Multivariable Calculus | Mathematics
| MIT OpenCourseWare

2 Session 1: Vectors
Captured On [2020-02-05 Wed 19:40]

Source Session 1: Vectors | Part A: Vectors, Determinants and Planes | 1. Vectors and Matrices | Multivariable
Calculus | Mathematics | MIT OpenCourseWare

2.1 Chalkboard

E = a;‘i -+ azj + azsk = (al,az, ﬂ3>
Length |A| (a scalar)
Direction dir(A)

Figure 1: Definition of vectors


https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-1-vectors/index.htm
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-1-vectors/index.htm

2.1

Chalkboard

Length of A =(3,21)

*
o . A
ﬁ,:% & ) ¥ j‘
,,_// L)
B = 3i+2j
AR = [BF+1
Figure 2: Length of a vector
|B| = v32+22 = /13
A| =/[B2+1= 14
In general, A = (ay,az,a3)

A| = /a3 + a3 + a3

Addition: A + B = <t2] + by, a3 + by, a3 + b3>

Figure 3: Modules and addition

Multiplying by scalars

Figure 4: Multiplying by scalars

2A



6 2 SESSION1: VECTORS

2.2 Which is the vector between 2 points?
2.2.1  Front

For two points P and ()

2.2.2 Back

o PQ=Q-P
o PQ is the displacement from P to ()

1 f’/}ap{g = (g1, 92)
] &
,-*“ﬁff ff‘ﬁ

&

e /
AP =(p1m)

f,f'

x"f P

0

2.3 Which is the notation for vectors and points?
2.3.1 Front

How we can write them?

2.3.2 Back
o Points: (ay, az)
o Vectors:
o < ay,ay >= aqi+ asj
e P = OP is the vector from the origin to P

o A real number is a scalar

2.4 Which is the magnitude of a vector in 3D?

2.4.1 Front

‘<a1a a2, (13>‘



2.5 Which is a unit vector?

2.4.2 Back
layi + agj + azk| = (a1, az,a3)| = V"uf +a} +a3
r . Jer 1 L . r r o — — —
You can see this in the figure below, where r = \/a] + a3 and |A| = \/r2 + a3 = \/a] + a3 + a3.

i

(a1, ag,a3)

]
=1/

2.5 Which is a unit vector?
2.5.1 Front
2.5.2 Back
Is any vector with unit length &1
o |al=1

o Special vectors

e i=(1,0,0)
¢ j=1(0,1,0)
e k=1(0,0,1)

2.6 How can we get a vector of the median of the triangle?
2.6.1 Front

Triangle: ABC, from vertex: A

2.6.2 Back
1 - -
AM:§(B+C)—A

2.7 How we can find the unit vector from any vector?
2.7.1 Front

2.7.2 Back
. u
a=—
|ul
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3 Session 2: Dot Products
Captured On [2020-02-05 Wed 19:41]

Source Session 2: Dot Products | Part A: Vectors, Determinants and Planes | 1. Vectors and Matrices | Multivari-
able Calculus | Mathematics | MIT OpenCourseWare

3. Chalkboard

5
DOT PRODUCT
Definition: A-B= Ea;b; = a1by; + axby + azbs
This is a scalar. E
Geometrically A - B = |A||B| cos(#) {'
Figure s: Dot Product Definition
6

What does geometric definition mean?
DA-A=|A>cos(9) = |A2 =a?+a3+a /

— Law of cosines
= AT = AP + (B - 2/A||B| cos(6)

Figure 6: What does geometic definition mean?


https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-2-dot-products/index.htm
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-2-dot-products/index.htm

3.2 What is the dot product of 2 vectors?

CPF =

(@]
ol
I
>l
|
El
™
|
=l

[
-3
.

|
-
=

|
-1}
>l
_|_
=
=1}

Figure 7: Dot product of combined vectors

3.2 What is the dot product of 2 vectors?
3.2.1 Front

3.2.2 Back

o Is one way to combining ("multiplying”) two vectors

(¢]

The output is a scalar

o

Algebraically
L] A-B:a1b1+a2b2

o

Geometrically
o A-B=|A||B|cos(f)
https://i.imgur.com/FLgXbRI.png

3.3 How can we proof the dot product geometrically?

3.3.1 Front
3.3.2 Back
https://i.imgur.com/FLgXbRI.png
o Law of cosines
e |[A—B]*>=|A]*>+|B|* - 2|A||B] cos()
o Expanding |A — BJ?
e /A-B’=(A-B)-(A-B)=A-A-A-B-B-A+B-B=|A?+|B|*’-2A-B
o Comparing the 2 equations

e A-B=|A|B|cos(f)


https://i.imgur.com/FLqXbRI.png
https://i.imgur.com/FLqXbRI.png

10 4 SESSION 3: USES OF THE DOT PRODUCT: LENGTHS AND ANGLES

3.4 What does mean that A - B = (?

3.4.1 Front

3.4.2 Back

Two vectors are perpendicular to each other, we say they are orthogonal
o cos(m/2) =0
cALB&<A-B=0

3.5 Which is the dot product of the 1 vector by itself?
3.5.1 Front

A-A

3.5.2 Back
o Algebraically
o A-A=(ay,ay,a3) - (a1,as,a3) = a + a3 + a2 = |A|?
o Geometrically

e A-A=|A||A|cosf = |A|

4 Session 3: Uses of the Dot Product: Lengths and Angles

Captured On [2020-02-05 Wed 19:43]

Source Session 3: Uses of the Dot Product: Lengths and Angles | Part A: Vectors, Determinants and Planes | 1.
Vectors and Matrices | Multivariable Calculus | Mathematics | MIT OpenCourse Ware

4.1 Chalkboard

Applications

1) Computing lengths and angles
Example:

ﬁlﬁ = Im\\lﬁ)\cosﬂ
cosf = @ﬁ
PQ||PK|

Figure 8: Computing lengths and angles


https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-3-uses-of-the-dot-product-lengths-and-angles/index.htm
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-3-uses-of-the-dot-product-lengths-and-angles/index.htm

4.1 Chalkboard I

cosf = ﬁﬁ _ (-1,1,0) - (-1,0,2)
CPQ|IPR| V(12 + 12+ 02/ (—1)2 407 + 22

1+0+0 1
v2-v5 V10

0 = cos ! (\/LI_O) ~ 71.5°

Figure 9: Resolution of computing an angle

10
Signof A-B > 0iff < 90° gii:

.
—0if6—=90° |

<0if6 >90° "\

2) Detect Orthogonality

Figure 10: Meaning of sign of a dot product

11
Example: x + 2y + 3z = 0 is equation of a plane

oF = (xy,2)
A = (1,2,3)

x+2y+3z:0®@-ﬁ:0@@Lﬁ

Figure 11: Detect orthogonality
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. 12
Get plane through O, perpendicular to A

Remember A-B =0 < cosf =0
&0 =90°
= A 1LB

Figure 12: Plane throught O, perpendicular to A

s Session 4: Vector Components
Captured On [2020-02-05 Wed 19:46]

Source Session 4: Vector Components | Part A: Vectors, Determinants and Planes | 1. Vectors and Matrices |
Multivariable Calculus | Mathematics | MIT OpenCourseWare

5.1 Chalkboard

1
Yesterday DOT PRODUCT
R — 5 A-B
A-B =Y ab; =|Al||B|cos(f) = cosb = ——
|Al|B]

Applications 4(' :f

1. Find lengths and angles
2. DetectA L B A-B=0

Figure 13: Review of dot product


https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-4-vector-components/index.htm
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-4-vector-components/index.htm

5.2 Which is it the angle between 2 vectors?

3. Components of A along direction @ (unit vector) (|a| = 1)

Component of A along @ = |A|cosé
|A||G|cos 6

= A0

Figure 14: Components of A along direction 4

¢ Component of F along T is what
Ceeion causes pendulum to swing.

‘ ~ -~ e Component along N is responsible for
T | (T tension of string

Figure 15: Pendulum problem with projections

5.2 Which is it the angle between 2 vectors?

s.2.x1  Front

5.2.2 Back
cosf = A-B
|A|B|

5.3 Which is the vector rotated 90° counter-clockwise?

5.3.1 Front

A = <CL1, CL2>

5.3.2 Back

(—az,a1)

13



14 6 SESSION 5: AREA AND DETERMINANTS IN 2D

https://i.imgur.com/6DbrmuZ.png

s.4 How we can know which kind of angle there is between 2 vectors?
s.4.1 Front

o Acute, right or obtuse

5.4.2 Back

AB

|A[|B]

o Numerator can say if there is positive or negative, if it’s negative it’s obtuse because of cos(f) < 0 when
0> 7/2.

o We will need to checkif A-B =0,A - B = |A||B|

o cosf =

5.5 Which is the components of A along direction u?
s.s.x1 Front
5.5.2 Back

o i =1

https://i.imgur.com/DT9C]Jps.png

6 Session s: Area and Determinants in 2D

Captured On [2020-02-05 Wed 19:47]

Source Session s5: Area and Determinants in 2D | Part A: Vectors, Determinants and Planes | 1. Vectors and Ma-
trices | Multivariable Calculus | Mathematics | MIT OpenCourseWare

6.1 Chalkboard

e casier: area of a triangle

B
Area? X

We could find cos 6, then solve sin? 0 + cos? 0 = 1.

Area = §|A||B|sin®

Figure 16: Area within 2 vectors


https://i.imgur.com/6DbrmuZ.png
https://i.imgur.com/DT9CJps.png
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-5-area-and-determinants-in-2d/index.htm
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-5-area-and-determinants-in-2d/index.htm

6.1 Chalkboard

J\A’
B == .
A’ = A rotated 90° A HB:‘SIH 6)
e S R0

cos = sin =
/ OV =sn® ) ()
h = A :albz—ﬂzh
A = (ay,az)

Figure 17: Rotated vector A

= det(A, B)
ap az
by by

determinant of A and B

- £

= Zarea of _I”}

—

=
A

Figure 18: Area as determinant of 2 vectors

- +area({) = |A||B|sin®
7 = det(A,B)
) +area(A) = 1|A||B|sinf
! — L det(&,B)
Area - = abs. value of det.

Figure 19: Area of parallelogram and triangle
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6.2 What is the area between 2 vectors?
6.2.1 Front

6.2.2 Back

https://i.imgur.com/neOoGgP.png
o Length and determinant

o A’ = A rotated 90°

0 =n/2-10

cos @ = sin @

e Area of parallelogram
o |A||B|sing = |A’||B|cost = A’ - B = (—ag, a1) - (b1, b2) = a1by — asb; = det(A, B)
¢ absolute value of determinant of A and B

e Area of triangle

O

1
5 det(A, B)’

o Cross product
o Area of parallelogram
o |A x B

o Area of triangle

1
—|A|l X |B
o SIAlx B

7 Session 6: Volumes and Determinants in Space
Captured On [2020-02-05 Wed 19:49]

Source Session 6: Volumes and Determinants in Space | Part A: Vectors, Determinants and Planes | 1. Vectors and
Matrices | Multivariable Calculus | Mathematics | MIT OpenCourseWare


https://i.imgur.com/neOoGgP.png
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-6-volumes-and-determinants-in-space/index.htm
https://ocw.mit.edu/courses/mathematics/18-02sc-multivariable-calculus-fall-2010/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/session-6-volumes-and-determinants-in-space/index.htm

7.1 Chalkboard

=1 Chalkboard

Determinant in space. 3 vectors 11, ﬁ, C

o ay a4z 4as b, b
det(A,B,C)=| b by by | = a 62 C3
cp 2 c3 S

by by

+as 1 ©C2

Figure 20: Determinant in space

Theorem: Geometrically,

det(A, B, C) = +volume of parallelepiped

Figure 21: Volume of parallelepiped

=2 What is the volume between 3 vectors?

7.2 Front
7.2.2 Back
o With determinants
e |det(A,B,C)|
o With cross product
e Volume = area(base) height
e V=|AXBJ|(C-n)

o h— A XB
~ |A x B|

7



18 7 SESSION 6: VOLUMES AND DETERMINANTS IN SPACE

AxB

o V=|A X B|( A x B

)=C-(A x B)

https://i.imgur.com/K6xX1tE.png

7.3 What happensifa X b = 0?
=.3.1 Front
7.3.2 Back

We can say that this 2 vector are parallel

7.4 How we can compute cross product and why?
7.4.1 Front
=.4.2 Back

o Compare geometrically the volume of 3 vectors

o det(A,B,C)=A - (B x C)

~ A~ ~

ik
o AXB= ai as as
by by b3

o |[A x B =|A|B|sind|

The result is a vector

7.5 Which is the direction of the vector from cross product?
7.5.1 Front

7.s.2 Back

o

Result is orthogonal to the plane of the 2 vectors

o

Need to use right hand method

(¢]

Extend the right hand along 1st vectors
o Move your finger to the other vector
o Your thumb will point to the direction of resulting vector

https://i.imgur.com/movBfMn.png

7.6 'What can we say if |det(A, B, C)| = 0?
7.6.1 Front
=.6.2 Back

The volume of this parallelepiped with these vectors as edges is 0. This means all three origin vectors lie in a plane.


https://i.imgur.com/K6xX1tE.png
https://i.imgur.com/movBfMn.png

7.7 What does means |v|*

77 What does means |v|°
7.7.1  Front

Where v is a vector

772 Back

7.8 Determinant - ij-cofactor
=#.8.1 Front

What is a ij-cofactor

=.8.2 Back
Ay = (1) ] Ayl

7.9 Determinant - ij-entry
7.9.1 Front

What is the ij-entry?

7.9.2 Back

a;; is the number in the i-th row and j-th column

7.10 Determinant - ij-minor
7.10.x Front

What is the ij-minor?

710.2 Back

| A;;| is the determinant that’s left after deleting from | A| the row and column containing a;;

711 What is the method of determinant computation?
=11 Front
7ar2 Back

o It’s called the Laplace expansion by cofactors

712  How compute a determinant through the Laplace expansion?
7021 Front

Explain how compute a determinant using laplace expansion by cofactors

19



20 7 SESSION 6: VOLUMES AND DETERMINANTS IN SPACE

7122 Back
o Choose a row or a column
o Multiply each entry a;; in that row (or column) by its cofactor A;;
o Add all resulting numbers
Examples
o 1st rows of 3x3 determinant
o a1 Ay + anAp + a13Ais
o j-th column of 3x3 determinant

L] Glelj + &QjAgj + &3jA3j

~»13 What does mean A;5?

=13.1 Front

7.03.2 Back

This is the 12-cofactor of a determinant, which value is (—1)'"2| A5

| Aj2] is the fj-minor is a determinant after removing 1st row and 2nd column

714 What does mean |As|
=.14.1 Front
7.14.2 Back

This is determinant resulting from removing the 2nd row and 3rd column of the matrix A

715 What does mean |A| = 0?
7.1s5.x Front
71s.2  Back

o One row or column is all zero

o If two rows or two columns are the same

If A is a matrix that represent 3 vectors 3 X 3, it means that these 3 vectors are coplanar. This means also that the
volume of this parallepiped is o

7.16 'What does mean that |A| is multiplied by c?
=.16.1 Front
7.16.2 Back

o Every element of some row or column is multiply by ¢



7.7 How we can change the sign of a determinant?

7.r7  How we can change the sign of a determinant?
7171 Front
717.2 Back

o We interchange two rows or two columns

=18 When 2 determinants does have the same value?
=.18.1 Front
718.2 Back

o If we add to one row (or column) a constant multiple of another row (or column)

https://i.imgur.com/HKZiIZE.png

8 Session 7: Cross Products

Captured On [2020-02-05 Wed 19:50]
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8.1 Chalkboard

10
Cross-product of 2 vectors in 3-space
Def
AxB ai ai .rzk @ a3 i @ a3 j
=| m a as = —
by by by by b3 by b3
[151 [1h)
by by k
is a vector

Figure 22: Cross product of 2 vectors in 3-space
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Theorem 11

- 7

“j 5 ﬁ e |A x B| = area of parallelogram *

-

A

o dir(A x B) =L to plane
of the parallelogram
with right hand rule.

Figure 23: Area of parallelogram with cross product

Example 12
— Right hand points ||A ixj=k
— Fingers point ||B
— Thumb points ||A x B i j k
1 0 0|=0i—0j+1k
01 0

Figure 24: Right hand method for direction of cross product

13
Another look at volume

——

__J_/ Volume = area(base) height
/
/

[ [/ ‘

U7 e ()

—

(@)

X \(K-ﬁ)

b=
-~
(=<1}

=l =11

(@

x

Figure 25: Another look at volume
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14
det(A,B,C) = A-(BxCQC)
{ i\
by b3 o ‘ a - by b3
02 €3 2 €3
+as ‘ —Hi'z(—‘ C D—I—% ‘
Figure 26: Volume of parallelopiped
. 1
Last time: cross product
i j k a a ap a a a
e AXB=|ay a a3 |= b2 b3 - bl 53 bl b2 k
2 3 1 3 1 2
by by b3
o |A x B| = area of parallelogram 7~
A
Figure 277: Review of cross product
2

direction L to A and B

/ AxB Right hand rule.

AxB= —ﬁxﬁinparticularﬁxﬁ=0

Figure 28: Inverse direction of cross product
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8.2 Can we use the commutivity law with cross product?
8.2.1 Front

AXB=BxA

8.2.2 Back

Not it’s not equivalent, but we can say that A X B = —B X A

8.3 What we cansayofa X a
8.3.1 Front
83.2 Back

ocaXa=0

o There is no area between the same vector

8.4 Can we apply distributive law to cross product?
8.4 Front

AXx(B+C)=AxXxB+AXxB

8.4.2 Back

Yes

8.5 Can we use associativity law to cross product?
8.s.1 Front

(AXB)xC=AXx(BxCQC)

8.5.2 Back

No, you can test with unit vectors i, j, k
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9.1 Chalkboard

9.1 Chalkboard

e Application: Equation of plane P; P, P;

= condition on (x,y,z)

o telling us whether P is
M f",,P(fﬂ»y’ 2) / in the plane.
—_ B

N

e det(P;P;,P1P;,PP) =0

————

Figure 29: Equation of plane

Other solution

Pisintheplane < PP L N« somevector L toplane

= Plf’ N = 0 “normal vector”

- o ——  —
How to find N L plane? Answer: N = P1P; x P{P;3

(so: ﬁ ‘N = Plf’ - (P1P; X Png) = (0 triple product = det.)

Figure 30: Another solution equation of plane

9.2 How can we find the equation of the plane containing 3 points?

9.2.1 Front

Points: P17P27P3

9.2.2 Back
o Vector P1P5 and P1P3
o N=P;P;, x P1P;
o Nis perpendicular to the plane

e N is normal to the plane

25
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o Vector to any other point in the plane
L4 PlP = <-T_a1;y_a272’_a3>
o N-P,P=0

https://i.imgur.com/ZUrWRar.png Emacs 27.1.50 (Org mode 9.4)
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